Abstract-This paper outlines a comprehensive parametric approach for quantifying mechanical properties of spatially heterogeneous thin biological specimens such as human breast tissue using contact-mode Atomic Force Microscopy. Using inverse finite element (FE) analysis of spherical nanoindentation, the force response from hyperelastic material models is compared with the predicted force response from existing analytical contact models, and a sensitivity study is carried out to assess uniqueness of the inverse FE solution. Furthermore, an automation strategy is proposed to analyze AFM force curves with varying levels of material nonlinearity with minimal user intervention. Implementation of our approach on an elastic map acquired from raster AFM indentation of breast tissue specimens indicates that a judicious combination of analytical and numerical techniques allow more accurate interpretation of AFM indentation data compared to relying on purely analytical contact models, while keeping the computational cost associated an inverse FE solution with reasonable limits. The results reported in this study have several implications in performing unsupervised data analysis on AFM indentation measurements on a wide variety of heterogeneous biomaterials.
INTRODUCTION
Nanoindentation using contact mode Atomic Force Microscopy (AFM) has emerged as a powerful material characterization tool, with applications ranging from elastomeric materials, 12 to biological cells 18 and tissues. 21 In particular, the relevance of quantifying mechanical properties of biomaterials gains prominence in light of the fact that various disease mechanisms might be phenotyped by their biomechanical signatures. 26 For instance, human pancreatic cancer epithelial cells, 25 and human breast cancerous epithelial cells 10 were observed to more deformable compared to their normal counterparts, while similar observations were reproduced at the scale of histological breast tissue. 21 The extraction of material properties using AFM is typically accomplished by curve-fitting raw AFM force-indentation data to analytical or numerical models. An ubiquitous contact model is based on Hertzian contact theory, 8 wherein force and indentation are related by a power relationship of exponent (1.5 for purely spherical contact). Hertzian theory relies on the assumptions of linear elasticity in the specimen and infinitesimal indentation strains, and analytical corrections have since been proposed to the Hertz contact model wherein these assumptions are relaxed. 3, 14, 24 Numerical techniques involving solution of an inverse finite element (FE) problem has been widely studied in the context of AFM based material characterization. 5, 9, 29 Despite the abundance of analytical and numerical techniques for analyzing AFM force-indentation data proposed in literature, most of these approaches assume that the estimated material properties can be extracted by curve fitting the relevant datasets to a single analytical or numerical model. Relatively less emphasis has been directed towards identifying the underlying material model that characterizes the forceindentation behavior, especially in heterogeneous bio-materials such as tissue specimens. For instance, the human breast tissue specimens studied in this work comprises a highly heterogeneous interwoven framework of functional breast cells surrounded in a collagen-rich stromal tissue environment. 21 AFM nanoindentation of such heterogeneous samples result in a diverse set of force-indentation curves, not all of which conform to a given analytical or numerical model.
As such, bulk curve-fitting of AFM force-indentation data to analytical models without accounting for the underlying material heterogeneity is likely to result in inaccurate material characterization. On the other hand, inverse FE solutions, while comparatively attractive due to the availability of a wide range of material libraries in commercial FE packages, can be prohibitively expensive when large datasets need to be analyzed. This is particularly the case when AFM acquired mechanical signatures of cancerous breast tissue specimens are used for histopathological inference purposes. A robust and computationally efficient approach obviating the need for subjective user intervention in specifying the material constitutive model is a critically important component of high-throughput AFM based characterization of biomaterials.
In this context, it is important to note the work of Lin et al. 11 in automating AFM data analysis by reducing subjective intervention in (a) identifying the point of contact in AFM force curves and (b) restricting curve fitting to the linear elastic regime (corresponding to the Hertz contact model). However, such methods do not elucidate nonlinear contributions in the AFM measurements, which might reveal potentially interesting mechanical signatures in the tissue response to AFM nanoindentation, thereby providing an additional material characteristic for inference purposes.
In this work, a comprehensive computational strategy utilizing a combination of analytical and numerical techniques is proposed to automate analysis of diverse heterogeneous populations of AFM forcedisplacement curves. The limits of existing analytical contact models in estimating the elastic modulus from AFM indentation datasets are critically investigated, and nonlinear exponential hyperelastic phenomenological material models are proposed to account for AFM datasets where existing analytical models do not suffice. The proposed approach in this paper is validated on simulated force-indentation datasets, and is subsequently implemented on an elastic map acquired from raster AFM indentation of breast tissue specimens. It should, however, be noted that we have limited the scope of this work to quasistatic indentation loading conditions only. This paper is organized as follows. In the subsequent Materials and Methods section, the tissue preparation protocol and the AFM experimental setup is described, followed by a critical description of the existing analytical contact models. Then, the finite element model is described, following which, a sensitivity analysis is described to ascertain the uniqueness of the inverse FE solution and an automation strategy for unsupervised data analysis of AFM datasets is proposed. Next, in the Results section, the proposed approach is validated on simulated AFM datasets and then implemented on an elastic map. Finally, we conclude with the discussion of our approach.
MATERIALS AND METHODS

Experimental Setup
AFM Experimental Setup
We used Tissue Microarray (TMA) technology to prepare the samples for AFM indentation. Please refer to 21, 22 for further details on the tissue preparation protocol.*
The experimental setup consists of the Atomic Force Microscope (MFP-3D-BIOTM, Asylum Research) and an inverted microscope (Model: TE2000U, Nikon, Inc) with an attached CCD camera (QImaging Inc, Model: Retiga 2000R). The tissue slide is mounted on an endeffector rigidly attached to a 3 DOF motorized micromanipulator (MP-285, Sutter Instruments, Inc). The AFM, inverted microscope and the micromanipulator are placed on a vibration isolation table to eliminate base vibrations (Fig. 1a) . The micromanipulator provides large scan sizes (>100 lm), beyond the range of commercial AFM scanners. 22 The tissue specimens were aligned with the AFM probe tip using closed loop image-guided positioning prior to AFM indentation. Briefly, a region-of-interest (ROI) was selected by the AFM operator (called the ''Probing ROI''), and an adjacent ROI (called the ''Tracking ROI'') was used to provide image feedback for tracking purposes (Fig. 1b) . A gradient-descent based controller was used to precisely align the the probing location on the tissue specimen and the probe tip within 1 lm. Following accurate positioning, indentations were performed on the ''Probing ROI'' in a raster fashion. Please refer to 22 for further details on the experimental setup.
Contact Model AFM Operation
A schematic of the contact-mode operation of the AFM is shown in Fig. 2a . Briefly, the AFM probe, which consists of a micro-cantilever with an attached *Note: IRB has determined that the work done on this project does not meet the definition of human subject research. particle (often spherical), is lowered towards the specimen using the z-piezoelectric scanner. Based on AFM probe tip and specimen interaction forces, the cantilever deflects, which is then optically sensed. The probe deflection (d) when plotted as a function of the z-position (z) constitutes the (approach) force curve.
Given n data points in a force curve, the probe makes contact at ðz k ; d k Þ (Fig. 2b) . A detailed description of the contact estimation procedure is given in the Appendix. Based on the estimated point of contact, the net indentation in the sample is given by the following equation 18 :
For low deflection regimes, the cantilever probe is generally approximated as a linear spring of spring constant k c , which is typically calibrated at the start of an AFM experiment. The ''thermal method'' 7 was used for calibrating the probe's spring constant using Asylum Research software (IGOR Pro, Wavemetrics, Inc.). The force, F, then can be related to the deflection by: The experiments reported in this paper were carried out with an AFM probe of calibrated spring constant 2.23 N/m with a spherical bead of radius R ¼ 2:5 lm (Novascan Technologies, Ames IA).
Contact Models: Finite Indentation and Material Nonlinearity
The classic Hertz contact model relates the contact force, F, with the indentation, D, assuming frictionless infinitesimal indentation of an infinitely rigid indenter in a linearly elastic half-space with elastic modulus E and the Poisson ratio m. For a spherical indenter of radius R, the force and indentation are related by 8 :
For a specimen of thickness h (Fig. 3) , the assumptions of Hertzian contact theory imply the following conditions:
The assumptions of infinite specimen thickness (Eq. (4a)) and (Eq. (4b)) pose severe restrictions for analyzing AFM indentation data on thin specimens, such as breast TMAs, which are the subject of this study. Breast TMA specimens are typically sectioned 4 lm -10 lm (we used 4 lm sections in our experiments) and enforcing Hertzian restrictions necessitate very low indentation ranges close to the noise range of the AFM, 13 thereby complicating AFM data analysis. While it is possible to reduce the bead size R to enforce Hertzian assumptions (Eq. 4c), sharp probe tips with low radius (in the nm-range), can cause permanent damage to the tissue samples. 15 Even worse, sharp tips possess the undesirable tendency of including contributions from the substrate, 4 leading to inaccurate material characterization. An optimum range of R $ 5 À 10 lm ensures low stress concentration in the tissue specimens, and also aids on averaging out local tissue heterogeneity.
Due to these practical experimental difficulties, it becomes necessary to account for the inevitable violations in Hertzian assumptions in the contact modeling framework. The most seminal contribution in this field points to the work of Dimitriadis and his co-workers. 3 Dimitriadis et al. 3 appended correction terms to the Hertz contact model that led to an analytical force-indentation relationship given below: 
While Dimitriadis' model accounts for finite indentation, it retains the Hertzian assumption of linear elasticity in the specimen. Various biomaterials have shown nonlinear hyperelastic indentation response, both at the macroscale 16 and microscale. 1 To account for material nonlinear effects, Lin et al. 13 developed a variety of force-indentation relationships for a variety of hyperelastic material models, however, these do not account for finite indentation effects.
Recently, Long et al. 14 extended Dimitriadis approach of appending correction factors to the Hertz contact model by assuming neo-Hookean hyperelastic effects, while finite indentation effects were also included in the modeling framework. Assuming incom- pressibility in the specimen (m ¼ 0:5), the following force-indentation relationship was obtained:
in the regime D=h minð0:6; R=hÞ and 0:3 R=h 12:7. The constants a 1 ; a 2 and c are depend on h and R. When frictionless contact is assumed, these constants are given by:
The comparative ability of the Hertz, Dimitriadis and Long contact models in estimating the elastic modulus is demonstrated on two neighborhood sampled points the ''Probing ROI'' of the breast tissue specimen shown in Fig. 1 , leading to force curves termed A1 and A2. Incompressibility conditions (m ¼ 0:5) were assumed in the tissue specimens due to the hydrated nature of the tissue specimens in phosphate buffered saline (PBS) during AFM indentation experiments. The contact point in these forces curves were estimated using a continuity constrained weighted bi-domain polynomial approach (see Appendix).
In force curve A1 (Figs. 4a-c), it is evident that all three contact models fit the deflection data well (R 2 $ 0.999, see Table 1 ).** However, the Hertz model overestimates the elastic modulus compared to the other two models (see Table 1 ). This apparent ''stiffening effect'' from the Hertz model for the case of spherical indentation of thin specimens has been reported elsewhere 19 and it has been attributed to the effect of the rigid substrate underneath the thin specimen. It can also be observed that the estimated elastic modulus using both Dimitriadis and Long's model are close to each other. This is explained by observing that the Long's model reproduces the result from Dimitriadis model for indentation regimes D=h close to 0.1 14 (neo-Hookean hyperelasticity is nearly ''Hookean'', i.e., linearly elastic, for low deformation).
For force curve A2 (Figs. 4d-f) , none of the aforementioned contact models produce a good fit (R 2 varies from 0.845 to 0.874), despite the indentation range being nearly equal to that for force curve A1. Such heterogeneous indentation response is typical of heterogeneous biological samples such as human breast tissue, where analytical contact models do not describe all force curves acquired on a tissue region-ofinterest. Force curves such as A2 indicate significant material nonlinearity beyond neo-Hookean hyper-
Comparative performance of the Hertz, Dimitriadis and Long's contact models on two AFM force curves A1 (a-c) and
**R-square was computed as
elasticity, and numerical techniques with higher order hyperelastic material formulations are necessary, as discussed in the subsequent section.
Finite Element Modeling Meshing and Boundary Conditions
The FE analysis of spherical nanoindentation was carried out in ABAQUS v6.8 (Dassault Systemes, RI, USA). Taking advantage of the symmetry of the indentation process, a 2D axisymmetric model of the indenter and the tissue specimen was used. The quarter of the spherical indenter in contact with the specimen was modeled as an analytical rigid element. The contact force from the simulations was obtained at a reference node attached to the spherical indenter.
The tissue specimen consists of 135 axisymmetric, quadrilateral hybrid elements (CAX4H) (15 radially, 9 axially). The length of the tissue model was 6 lm. A fine mesh was used near the indentation region, with a coarser mesh away from it (see Fig. 5 ). No friction was assumed between the indenter and the tissue specimen model. The nodes at the interface of the specimen and the indenter were considered traction free, while the nodal displacements in the radial and axial directions were constrained. Nodes on the axis were constrained to move only along the direction of indentation. Quasistatic equilibrium solutions were acquired for incremental axial displacements of the indenter. In a mesh convergence study, we verified that mesh size or the length of the tissue model did not have significant impact on the analysis results.
With any single or multi-parameter constitutive model whose explicit force-indentation relationship is unknown, estimating the material properties typically involves solution of an inverse-FE problem where the simulated response is curve-fitted to experimental data. This is obtained by minimizing the squared norm of the residuals and is given by the following expression:
where F exp and F FE represent the experimental and simulated force response respectively, and h represents a vector of material parameters defined in the constitutive material model. The minimization problem was implemented in MATLAB (Mathworks, Inc) using the fminsearch routine which is a heuristic optimizer using the Nelder-Mead simplex algorithm. 17 The optimizer iterates from an arbitrary initial point towards the optimum solution until the incremental reduction in the objective function is lesser than a predefined tolerance. A flowchart indicating the steps of the inverse FE approach is shown in Fig. 6 .
Constitutive Material Models
In order to model force curves like force curve A2 shown in Figs. 4d-f, significant material nonlinearity needs to be considered in the constitutive material model. We examine the force response for the following two incompressible hyperelastic materials characterized by the following strain energy functions. where ðC 1 ; C 2 ; C 3 Þ and ðC; bÞ are hyperelastic material parameters of the Yeoh and Fung hyperelastic models respectively and I 1 is the first invariant of the CauchyGreen deformation tensor, expressed in terms of the principal stretch ratio k 1 ; k 2 ; k 3 as:
where k 1 k 2 k 3 ¼ 1 for incompressible conditions to hold. Eq. (10a) represents the Yeoh hyperelastic material 28 which can be viewed as a polynomial extension of the neo-Hookean model (with C 2 ; C 3 ¼ 0), and is commonly used to model rubber elasticity. Eq. (10b) represents an exponential form proposed by Fung, 6 which has been previously used to model biomaterials. The presence of higher orders coefficients such as ðC 2 ; C 3 Þ and b in the Yeoh and Fung models respectively makes these two models particularly attractive in describing highly nonlinear force curves such as A2 (Figs. 4d-f) . While the Yeoh material model was pre-defined in the ABAQUS material library, Fung's model was not. Consequently, the user subroutine UHYPER was employed to specify the strain energy function denoted by Eq. (10b) for the FE analysis.
The hyperelastic coefficients can be related to the specimen's materials properties using the relation:
where l 0 is the initial shear modulus, which is related to the initial elastic modulus E 0 by:
When incompressibility conditions (m ¼ 0:499) apply, E 0 ¼ 6C 1 and E 0 ¼ 6C for Yeoh and Fung material models respectively. Figure 7 shows the force curve A2 from Figs. 4d-f overlaid with FE simulation results of indentation on a Yeoh (Fig. 7a) and Fung hyperelastic material (Fig. 7b) . The results demonstrate the applicability of higher order hyperelastic material models to reproduce force curves with pronounced nonlinearity (R 2 >0:99). The estimated hyperelastic parameters using an inverse FIGURE 6. Flowchart of the algorithm used to obtain optimized material properties using the inverse FE approach.
FE analysis
The quality of fit being similar for both the Yeoh and Fung hyperelastic models, a pertinent question comes up: which hyperelastic model should be selected for modeling force curves shown in Fig. 7 .
In this context, the Fung model is appears particularly attractive because of one less hyperelastic parameter compared to the Yeoh model. From the perspective of solving an inverse-FE problem, it is also likely that the Fung model would pose less existence and uniqueness problems compared to the Yeoh model, where material nonlinearity is coupled in between C 2 and C 3 . In contrast, Fung's model is fairly decoupled: C quantifies the initial elastic modulus, while b describes the degree of material nonlinearity. For these reasons, the Fung hyperelastic model is used to describe the observed nonlinear hyperelasticity in the AFM force curves such as force curve A2.
Sensitivity Analysis
The estimated value of b ð¼ 46:94Þ in Fig. 7 raises another interesting question: is there an existence of a lower bound of b which corresponds to a linear elastic response (the analytical analogue of which is Dimitriadis model) ? If this is the case, then the parameter b could be used to potentially differentiate between linear and nonlinear elastic responses in the tissue specimen, which could serve as an additional mechanical signature for tissue health.
A sensitivity analysis is performed to examine values of E 0 ð¼ 6CÞ and b that resulted in a good fit with a F À D curve obtained from a linearly elastic material, and the results are shown in Fig. 8 Þ progressively shrinks. The immediate implication of this observation is that parameter estimation using an inverse FE approach is likely to yield inaccurate estimates of b for shallow indentation regimes due to the relatively large domain of S ðD;R 2 FE;thresh Þ leading to solution multiplicity and it is unlikely that it would be possible to differentiate between linear and hyperelastic tissue response for these regimes.
However, for larger indentations, the estimated values of b can be used for differentiating between linear and hyperelastic tissue response. This is evident by observing that for an indentation of D ¼ 433:1 nm in force curve A2 of Fig. 7 , the estimated b was 46.94, whereas the b is upper-bounded in S ð400;0:995Þ by a value of 10-10.5 (see Fig. 8c ). Minimizing the squared norm of the residuals is equivalent to maximizing the R 2 . It now becomes possible to construct a classification curve (see Fig. 9 
Þ g ð14Þ
Automation Strategy
The sensitivity analysis discussed in the previous section indicates that the inverse FE solution successfully estimates the elastic modulus from an AFM force curve with linear elasticity through the parameter E 0 . However, implementing an inverse FE analysis on such force curves is clearly unnecessary, since the Dimitriadis solution suffices. For analyzing force curves with varying degrees on nonlinearity on heterogeneous AFM datasets, the following strategy is proposed (see Algorithm 1).
The criteria for invocation of an inverse FE correction can be expressed through a threshold R 
RESULTS
In this section, the automation strategy proposed in the Materials and Methods section is implemented on AFM force curves of varying degrees of elasticity. Our approach is first validated on simulated force curves to determine its accuracy in estimating the predefined material parameters from heterogeneous force curves. Then, the performance of the proposed approach is then demonstrated on a tissue elastic map.
Parameter Re-identification on Simulated Data
Three AFM force curves are simulated with varying degrees of hyperelasticity. The parameters used to construct force curves are given in Table 2 . Additionally, the force values were perturbed by Gaussian noise [$ Nð0; 0:05Þ]. The simulated force curve parameters were re-identified by implementing the proposed automation strategy. The weighting parameters used in the continuity constrained weighted BDP contact estimation technique were w 0 ¼ 30; r i ¼ 3. The threshold parameters were set to R 2 Dim;thresh ¼ 0:980 and R 2 FE;thresh ¼ 0:999 respectively. When the material is linearly elastic (force curve S1), the contact point is accurately estimated (see (Fig. 10a) , also Table 3) , and the Dimitriadis solution (Fig. 10b) is very close to the ground truth ($ 1:5% error, potentially arising from discretization errors).
The inverse FE correction step was necessary for force curves S2 and S3. For force curve S2 with moderate hyperelasticity, the estimation errors in E 0 and b were 15.13% and 2.33% respectively. For force curve S3 displaying very sharp nonlinearity, the estimation errors in E 0 and b are approximately 110.01% and 25.58% respectively. The errors in these two force curves were a direct consequence of the contact estimation error due to the extremely smooth nature of the transition between the non-contact and the contact regime (Figs. 10c, f) . This is also evident by noting that the estimation errors were greater in E 0 compared to b. Nevertheless, the inverse FE prediction is a marked improvement over the Dimitriadis solution, which overestimates the elastic modulus by approximately 219.23% and 1676.68% for force curves S2 and S3 respectively, thus demonstrating the need to incorporate inverse FE corrections in AFM force curve analysis. The convergence history of the inverse FE solution is shown in Fig. 11 .
(f) (g) (h) FIGURE 10 . Implementation of the proposed algorithm for automated characterization for simulated force curves S1 -S3 (shown row-wise). Note that the inverse FE step was not required for curve S1.
TABLE 3. Summary of algorithm performance on force curves S1-S3. Units of E and E 0 are in kPa. G.T. indicates ground truth. 
Implementation on Elastic Map
Next, the proposed strategy for automated AFM data analysis is implemented on 729 § force curves acquired at 5lm intervals in the ''Probing ROI'' 115lm Â 160lm in size (see Fig. 1b ). This tissue ROI displays a heterogeneous composition of epithelial tissue in the upper left and lower right of the ROI, with the rest of the region corresponding to fibrous stroma. The force curves were acquired at a constant loading force of 120 nN, leading to approximately 85 -900 nm tissue indentation, depending on its relative stiffness. Due to the computational cost involved in an inverse-FE routine, a modest termination criteria for the inverse-FE procedure was set (R 2 FE;thresh ¼ 0:992), while R 2 Dim;thresh ¼ 0:980 was used for detecting linear elasticity in the force curve. Figure 12a shows the elastic map of the probing ROI when no inverse FE corrections are implemented, i.e. the Dimitriadis model is used to fit all the force curves after contact estimation. There is fairly good delineation in the computed elastic map, with the epithelial regions displaying lesser stiffness compared to the stroma, a finding observed previously. 21 Figure 12c shows the elastic map constructed after the inverse FE routine is implemented. Note the difference in the individual pixel intensities in the first row of the elastic maps in Fig. 12a and c. It can be observed, however, that the overall spatial delineation in the elastic maps do not vary much between Figs. 12a and c. This is primarily due to the fact that the difference in elastic modulus between epithelial and stromal regions is appreciable 21 and the colorscale in these figures have been shown from 0 to 1000 kPa to highlight this delineation.
However, the efficacy of the inverse FE based approach becomes evident by noting comparing spatial distribution of the corresponding R-square in both cases. (R 2 Dim ) in Fig. 12b shows that the fit quality is moderately non-uniform due to the inapplicability of Dimitriadis contact model in describing all the force curves. When the inverse FE routine is invoked (Figs. 12c, d ), the R-square distribution (R 2 net ) improves significantly, because force curves with material nonlinearity are now accounted for using Fung's hyperelastic parameters. Figure 13 shows the estimated Fung parameter b as a function of indentation for 268 force curves out of a total of 729 force curves analyzed using the inverse-FE routine. Also shown in bold red is the classification curve b max 0:992 for a linearly elastic response obtained from the sensitivity study. It can be seen from Figs. 13a, b that the nonlinear hyperelastic force curves can be clearly differentiated from the predicted linear elastic response by classification curve. The degree of nonlienar hyperelasticity can be observed by noting the deviation ofb from the predicted linear response, i.e. db ¼b À b max 0:992 ðDÞ, db>0, at a given indentation depth. The spatial distribution of db is shown in Fig. 13c . A total of 117 force curves (about 15% of all force curves) registered nonlinear hyperelastic behavior (db>0).
On closer examination of Fig. 13b , it becomes apparent that there was a significant population of force curves that showed very low estimates ($ 0:001 À 0:1) in parameter b. Furthermore, such force curves were acquired at all indentation ranges, thus indicating that these force curves were not correlated with a particular tissue stiffness. One such representative force curve is shown in Fig. 13d . These force curves show surprisingly linear force-indentation curves, which can most likely be attributed to material softening during AFM loading. These force curves did not fit well even after invocation of the inverse-FE routine.
DISCUSSION
While significant research in the past has been directed towards quantifying mechanical properties from AFM force-indentation datasets using analytical or computational means, relatively fewer literature focus on developing accurate modeling techniques that account for heterogeneity in the indentation response of specimens, such as human breast tissue. This has applications mechanical characterization for biological inference studies, where traditional analytical contact models do not account for all force curves in a raster indentation dataset. This paper presents a comprehensive framework of estimating the material properties reliably from diverse populations of AFM force curves. A two-parameter exponential hyperelastic material model is used to account for force curves where analytical contact models fail. An automation approach is suggested, which considerably reduces subjective human intervention in analyzing large AFM datasets, wherein only two R-square threshold parameters (R 2 Dim;thresh ; R 2 FE;thresh ) need to be user-specified. The proposed approach is first validated on simulated AFM datasets, and subsequently implemented on an elastic map.
At this point, a few comments are pertinent. In this work, a constant value of the indenter radius (R ¼ 2:5lm) and the specimen thickness (h ¼ 4lm) was used for the experiments and simulations. Varying the indenter size and the specimen thickness is likely to impact the results of the sensitivity studies in the Materials and Methods section. However, the variations in R and h would at most lead to a vertical displacement of the classification curve -the asymptotic nature of the classification curve in Fig. 9 is likely to remain unaltered. It would still be possible to differentiate between a linearly elastic (Dimitriadis) and an hyperelastic tissue response based on the modified Fung parameter,b from the inverse FE analysis, and therefore the major conclusions of this study are independent of the indenter size and the tissue thickness. It is to be noted here that the aim of this work was to develop a generalized computational approach for mechanical characterization of heterogeneous specimens, not as much to investigate elasticity variations in a specific biological material. As discussed previously in the Results section, the elastic maps in Figs. 12a, c show similar delineation between the epithelial and stromal tissue subtypes even after inverse FE corrections, due to the relatively large elasticity difference epithelial and stromal tissue subtypes, possibly significant enough to be analyzed purely using Dimitriadis contact models and still result in reasonably accurate characterization performance. However, in cases where the elasticity measures between two biospecimens do not differ much, such as, in benign and cancerous epithelial tissue, 21 there is a large possibility of erroneous inferences if the absolute elastic modulus is not captured using the proposed (or similar) approaches outlined in this paper. As discussed previously, the Dimitriadis contact model overestimates the elastic modulus by 219.23% and 1678.78% for force curves with moderate (b ¼ 40) to high (b ¼ 120) degrees of nonlinear elasticity. Noting that the mechanical signatures are typically used in a statistical hypothesis test such as the Students t-test, it is quite reasonable to expect incorrect inference when the computed p-values are close to the level of significance, a, if there are significant populations of nonlinearly elastic force curves. This motivates our study to quantify the absolute elastic modulus in spatially heterogeneous biological specimens such as breast tissue using a dedicated Fung hyperelastic constitutive model.
While an inverse FE analysis with Fung hyperelasticity successfully accounted for sharply nonlinear force-curves in the elastic map shown in Fig. 12 , there were large populations of force curves (very low estimates ($ 0:001 À 0:1 in parameter b) that could still not be accounted for. These suggest that an alternative material modeling formulations need to be incorporated in the automation strategy proposed in this paper. This remains a subject of future work.
Finally, it should be mentioned here that despite the advantages that a inverse FE approach provide, it is nevertheless computationally expensive with several numerical issues. Such methods have inherent existence and uniqueness problems, especially when the initial conditions for the numerical optimization are improperly set. Approximate analytical contact models that account for Fung hyperelasticity and finite indentation effects on the lines of Dimitriadis 3 and Long 14 would be particularly attractive in reducing the computational burden of analysing heterogeneous large AFM datasets as shown in Fig. 12 . One of the additional advantages of using a purely analytical approach is that it would become possible to integrate uncertainty quantification techniques in AFM data analysis that accounts of inherent variabilities in AFM experimental parameters, such as the AFM spring constant, 20, 27 and the AFM photodiode sensitivity, 27 which assume that an analytical contact model is known. Such methods would further extend the viability and impact of the approach discussed in this paper.
APPENDIX: CONTACT ESTIMATION USING CONTINUITY CONSTRAINED WEIGHTED BDP
The contact estimation procedure used in this work is a modification of the bi-domain polynomial (BDP) approach proposed by Costa et al., 2 a probabilistic extension of which has been recently explored by Rudoy et al. 23 This approach relies on the assumption that the AFM force curve can be successfully segmented into a non-contact and contact region, governed by a two-regime regression model, as stated below: T are the pre-contact and post-contact regression coefficients respectively, k 2 ð1; nÞ is the unknown contact index for n datapoints, 1 $ iid Nð0; r 1 2 Þ; 2 $ iid Nð0; r 2 2 Þ are the error terms in the pre-contact and post-contact regimes respectively, and f i is the contact model.
The bidomain polynomial (BDP) approach seeks to obtain optimal estimates ðk;b 1 ;b 2 Þ that minimizes the error between the observed force readings F i and the fitted force estimates from the regression model of Eq. (A1).
In the traditional BDP approach proposed by Costa et al., 2 no continuity was considered at the changepoint, i.e. b 21 is not necessarily equal to b 11 þ d k b 12 .
Observed AFM force curves typically display a smooth transition at the contact point, consequently, a modification to the traditional BDP approach 2 is proposed with continuity enforced at the contact point. This leads to the following constraint:
Due to the constraint in Eq. (A2), the regression parameter space reduces to three unknowns: b ¼ ½b 11 b 12 b 22 T . The modified regression model from Eq. (A1) are given by the following equations:
The efficacy of the traditional BDP and the modified continuity-constrained weighted BDP is shown in Fig.  A1 , wherein both approaches are implemented on simulated force curve S2 with E 0 ¼ 65 kPa, b ¼ 60 (see Table 2 ). The Dimitriadis contact model was used to specify f i . It is clear that for nonlinear hyperelastic force curves, the continuity-constrained weighted BDP outperforms the traditional BDP in estimating the true contact point.
